1. I koytiokBMjyM 13 MaremaTtuke 1 1.

30.11.2013.

mpe3rMe U ¥Me CTYIEHTa Opoj uHImekca

1. (5 noena) Hera je A= {(a,b) | a,b € Z} u x 6unapua onepanuja nedpuHUCAHA KAO:
(a,b)  (¢;d) = (a + (=1)’c,b + d),

3a cse (a,b),(c,d) € A. cnuratu na mm je (A, *) rpyna. Ia au je maTa omepammja KOMyTaTUBHA?

2. (5 noena) Y 3aBUCHOCTE OJ BPEAHOCTU PEANHUX MAPAMETapa P W ¢ OAPENUTH PAHT MATPUIE

51 p -1 1
2 1 q b5
0 1-2p 3 3

p_
0
—4

3. (5 noena) Y 3aBUCHOCTH OJ BPEIHOCTH PEAJHUX mapamMeTrapa ¢ u b MUCKYyTOBATU U PENIUTH CUCTEM jeTHAUNHA

r + y + 3z = 0
3z — y o+ z = -1
20 + (ba+1l)y + 14z = 1
4 — 8y + 12z = b-—3.
4 -5 -2 3
4.(5noena)ﬂaTecynpaBep:%:%:Z1 leqzx0 :%:%7paBaHOéi5x—y+Z—7:OH

raurka K (2,—2,1).
a) IlokasaTu ma ce IpaBe P U ¢ CEKy U OJAPEAUTHU NPEecedHy Tauky S, Kao U Mepy yTria Koju oHe 06pasyjy.

6) OnpemuTu jenHaumHy npase Koja caapsku Tauke S u K, Kao M jeHAUMHY DABHU KOja CAIPKU CPEIUIITE
nysxmu SK u mapanenna je paBHU (.



2. I koytiokBMjyM 13 MaremaTtuke 1 2.

30.11.2013.

mpe3rMe U ¥Me CTYIEHTa Opoj uHImekca

1. (5 noena) Hera je C = (0,1) U (1,400) u * Gunapra omepanuja nepuHICAHA KAO:

b

)

a*b=ql°

3a cse a,b € C. Ucnuraru na mu je (C,*) rpyna. la qm je mara omepamuja KOMyTaTUBHA?

2. (5 noena) Pemuty MaTpuuHy jenHavnHy

XAB =5+ 2X,
1 0
opu uemy je A= 12 —1 ,B:ATHS:[l 0 0].
3 5 01 1

3. (5 noena) Y 3aBUCHOCTU O BPEIHOCTU PEAJHUX HapAMETAPA P U ¢ AUCKYTOBATHU U PEIIUTU CUCTEM jeTHAYNHA

r + 3y + 4z + Tw = 0
y + z + (T-pw = -1
3z + 8y + (3p—4)z + Yw = ¢+3.

4. (5 noena) Hatu cy sexktopu €1 = (2,—1,1,0), €& = (a,0,1,2), €3 = (5,—4,3,0) m €y = (2,—1,1,a —3) y
Bexropckom mpocropy V = (RY R, +,-) m a € R.
a) OnpeauTu BpEIHOCTU MapaMeTpa ¢ 3a KOoje Cy JATU BEeKTOPU JIMHEAPHO HEe3ABUCHU.

6) 3a a = 3 ucnuTaTH NAa U DATU BEKTOPU UMHE 5a3y BEKTOPCKOT mpocTopa V. YKOIMKO umHe 6Ga3y, OnpeIuTn
koopmuuare Bektopa U = (1,2, —1,0) y Toj 6a3u, a y CyIpOTHOM U3Pa3uUTHU BEKTOD €] KAO JMHEApHY KOMOU-
HALU]y BEKTOPAa €9, €3 U €4.



3. I koytiokBMjyM 13 MaremaTtuke 1 3.

30.11.2013.

mpe3uMe U MMe CTYIeHTa Opoj uHImekca

1. (5 noena) Hera je A= {(a,b) | a,b € Z} u x 6unapua onepanuja nedpuHUCAHA KAO:
(a,b) * (¢,d) = (a+ 2, b+ d),

3a cse (a,b),(c,d) € A. cnuratu na mm je (A, *) rpyna. Ia au je maTa omepammja KOMyTaTUBHA?

2. (5 noena) OmpenuTy CONCTBEHE BPEAHOCTU W HUMa OAroBapajylie comcTBeHe BEKTOpE MATpHUIE

1 6 3
A=[-3 -6 -5
3 3 4

3. (5 noena) Y 3aBUCHOCTU OJ BPEIHOCTU PEAJHOr HApAMETPa ( AUCKYTOBATU U DEIIUTU CUCTEM jeIHAYUHA

r + ay — z = DO
3z — Yy — az = a—3
6x + (Ba—1)y — 5z = 14.

-1 3 r— 2y— z—1=0
4.(5noeHa)I[aTecpraBep:gzy—:z+7)\€qu:{ 4 , Kao ¥ paBaH

3 A 3r4+y+5=0
a:r—2y+z—5=0
a) OxpenuTy BpemHOCT mapamMeTrpa A TAKO Ia IpaBa p Oynxe mapajielHa PaBHU (, U 3a Tako oxpeben A onpenurn

jemHaYMHy PpaBHU KOja CAIP:KU IPaBy P U HapajesHa je ca (.

6) 3a A = 1 onpenutu pactojame n3meby mpasux p u ¢.



4. I koytiokBMjyM 13 MaremaTtuke 1 4.

30.11.2013.

mpe3rMe U ¥Me CTYIEHTa Opoj uHImekca

1. (5 noena) Hera je C = (0,1) U (1,400) u * Gunapra omepanuja nepuHICAHA KAO:
axb=qal8s?®

3a cse a,b € C. Ucnuraru na mu je (C,*) rpyna. la qm je mara omepamuja KOMyTaTUBHA?

2. (5 noena) Pemuty MaTpuuHy jenHavnHy

MX + BT =X,
2 -1 1
npu uemy je M = [0 3 =3 I/IB:|:_11 (1) ﬂ
2 —4 2

3. (5 noena) Y 3aBUCHOCTH OZ BPEIHOCTH PEANHUX MapaMeTrapa ¢ u b INCKyTOBATH U PEMINTH CUCTEM jeIHAUNHA

r + 2y — z + w = 1
3z + 52 + aw = 0
Sz + 4y + (b—2a)z + (a+10)w b—2.

4. (5 noena) Hatu cy sexropu €1 = (a +4,5,3,4), & = (1,2,1,2), €5 = (2,2,2,5) u & = (1,0,1,a +4) y
sexropckonm mpocropy V = (R4, R, +,-) u a € R.
a) OapeauTy BpeIHOCTH MapaMeTpa ¢ 3a Koje Cy JATH BeKTOPHU JUHeAPHO 3aBUCHHU.

6) 3a a = 1 ucnuratn na M KATH BEKTOpU UmHE a3y BEKTOPCKOT mpocTtopa V. YKOIuKo umHe 6asy, OxpeuTi
rkoopmuurare Bektopa U = (1,0, —1,1) y Toj 6a3u, a y cynpoTHOM U3pa3uUTHU BEKTOD €] KAO JMHEApHY KOMOU-
HAIIA]y BEKTOPa €9, €3 U €4.



5. I koytiokBMjyM 13 MaremaTtuke 1 5.

30.11.2013.

mpe3rMe U ¥Me CTYIEHTa Opoj uHImekca

1. (5 noena) Hera je M = {(a,b,¢) | a,b,c € Q,a > 0} u o Gunapua onepamuja nepuHICaHA KaO:
(a,b,c) o (m,n,p) = (am,bm + n,cm + p),

za cse (a,b,c),(m,n,p) € M. Ucnuratu na au je (M, o) rpyna. Ila qu je mara omepanuja KOMyTaTUBHA

2. (5 noena) Pemuty MaTpuuHy jenHavnHy

ABX =2X - 5C,

1
npu uemy je B = Lo _1,A:BTI/IC: 0].
2 -2 3 9

3. (5 noena) Y 3aBUCHOCTU OJ BPEIHOCTU PEATHUX mapamMeTrapa ¢ u b IUCKYyTOBATU U PENIUTH CUCTEM jeTHAUNHA

r + 2y + 3z + aw = 1
r + y + 2z — (12—=3a)w = 2
5z 4+ 13y 4+ 3(a+1)z + (26+a)w = b+3.

4. (5 noena) Ilate cy papan « : ¢ — 3y +22 —5=0, f: =22+ 6y —mz+7=0, m € R u tauxa N(4,0,0).

a) OapeauTu BpemIHOCT mapaMeTpa 1 TAKO Aa JaTe paBHU Oyiy mapaJjeJHe, W 3a Tako JOOUjeHU 1 OApeIuTH
pacrtojame Tauke N omx paBHU (3.

6) Oxpemutn HOpMaHY Tpojerimjy Tauke N Ha paBaH .



6. I koytiokBMjyM 13 MaremaTtuke 1 6.

30.11.2013.

mpe3rMe U ¥Me CTYIEHTa Opoj uHImekca

1. (5 noena) Hera je A= {(a,b) | a,b € Q, a # 0} u x Gunapua onepamuja nepuHICaHA KAO:
(CL, b) * (‘Tay) = (—CL.Z',.T —bx + y)a

3a cse (a,b), (z,y) € A. Ucnuratu na mu je (A, x) rpyna. Ila au je mata omepamuja KOMyTaTUBHA?

2. (5 noena) OmpenuTy CONCTBEHE BPEAHOCTU W HUMa OAroBapajylie comcTBeHe BEKTOpE MATpHUIE

3 2
A=12 0
4 2

W N

3. (5 noena) Y 3aBUCHOCTH OJ BPEIHOCTU PEAJHOr HapaMeTpa 1M AUCKYTOBATU U PENIUTU CUCTEM jeIHAYUHA

r + Ty - mz = —1
—2x — my + z = m
20 + 25y + (1—4m)z —1.

4. (5 noena) Ilatu cy Bexropu €1 = (4, —1,—-2,10), & = (1,a—2,0,2), €3 = (—2,-2,—4,a—8) uey = (1,1,2,3)
y Bexropckom mpocropy V = (R4 R, +,-) na € R.
a) OnpenuTu BpeHOCTM MapaMeTpa ¢ 3a KOoje Cy NaTU BEKTOPU JIMHEAPHO HE3ABUCHU.

0) 3a ¢ = —1 ucnuraTu na U DATA BEKTOPU UnMHE 6a3y BEKTOPCKOT mpoctopa V. YKomuko urHe 6a3y, Onpe T
rkoopmunrare Bektopa U = (1,0, —1,0) y Toj 6a3u, a y CynpOTHOM U3Da3UTHU BEKTOD €] KAO JMHEApHY KOMOU-
HAIIA]y BEKTOPa €9, €3 U €4.



7. I koytiokBMjyM 13 MaremaTtuke 1 7.

30.11.2013.

mpe3uMe U MMe CTYIeHTa Opoj uHImekca

1. (5 noena) Hera je KK = {(a,b) | a,b € Q} * 6unapua onepanuja nepurucana xao:
(a,b) * (¢,d) = (a+ 3", b+ d),

3a cse (a,b),(c,d) € K. cnuratu na mu je (K, *) rpyna. Ila au je nata omepanuja kKoMyTaTuBHA?

2. (5 noena) Y 3aBUCHOCTE OJ BPEMHOCTH PEAJNHUX mapaMerapa @ u b ogpemmTu panr marpue

a—1 -1 a 3 0
2 2 -1 -1 b
-1 5 —1—-3a —-10 3

3. (5 noena) Y 3aBUCHOCTH OJ] BPEIHOCTM DPEAJHOT mapamerpa b IMCKyTOBATH M DEIUTU CUCTEM jeTHAYUNHA

T + by — 3z = -7
3z — y + (b—4)z = b-3
r — (2b+1)y + 7z = 16.
-1
4. (5 noena) Hare cy npasa p : % = %3 = 2_—57 paBaH « : & — 2y — 3z + 8 u taura S(1,0,6).

a) OxpenuTy jemHAYMHY DABHU T CAAP/KU MPAaBY P U Tauky S.

0) Oxpenutu koopaunare Tauke K Koja mpunmajga paBHU T U UMja je OPTOTOHAJHA MPOjEKIUja HA PABAH (X TAUKA

M (0,4,0).



8. I koytiokBMjyM 13 MaremaTtuke 1 8.

30.11.2013.

mpe3uMe U MMe CTYIeHTa Opoj uHImekca

1. (5 noena) Hera je S = {(m,n) | myn € Z , m # 0} u o Gunapua onepamuja neduHUCAHA KAO:

(m,n)o(p,q) = (mp,p- (n—1) — q),

za cse (m,n),(p,q) € S. Vcnuraru na au je (S,0) rpyna. Ia iu je maTta omepamuja KOMyTaTUBHA?

2. (5 noena) OmpenuTy BpeIHOCTU PEASHOT MapeMaTpa ¢ 3a KOje BaKn

-2 1 2 1
-7 4 9 1
18 -9 a—-24 0
a—3 2 ) -1

< 0.

3. (5 noena) Y 3aBUCHOCTU OJ BPEIHOCTU PEATHUX MapaMeTapa ¢ u b UCKYyTOBATHU U PENUTH CUCTEM jeTHAUNHA

T + 29 — 2z =0

Tr + y + 2z =1

5t + (1—2a)y + 6z = 1
—2r — 3y + 4z = b+ 1.

KaO "M Ta4dKa

—4 -1 =
4. (5 noena) Hera cy mare npase p : z Y - = u q: { 6%3:?2—2?{:;?—20—0 ,

T(5,2,—1).
a) Ozmpemutn; pacrojame m3mebhy maTux mpasBux.

6) OnpemuTu jemHauMHy paBHU (X KOja CAIp:RM Tadyky | M HOpMAJHA je HA TpaBy P, KAO U MPOIOD IpPaBe P KPo3
paBaH Q.



3. Pemema I kosmokBujyma n3 Maremaruke 1 3.

1. Kaxo je (0,—1) % (1,1) = (%,0) Z A (jep % ¢ 7.), na He BaskU 3aTBOpPEHOCT omepaimje * y A.
Kako me Basku 3aTBOpEHOCT, ciemu na ctpykrypa (A, *) muje rpyma.
Kaxo je (1,1) % (0,—1) = (1,0), a (0,—1) % (1,1) = (3,0) € A, onepammja * muje xomyrarusma y A.

Hamomena. Kana mexka ocobuna He Basku NOTpeOHO je HaBeCTU KOHTpampumep!

IlaBayi ¢CMO TTOEHE W AKO CT€ MCIUTAIU OCOOMHE aCOUN)aTUBHOCTH, HEYTPAJHOT U MHBEP3HOT €JIEeMEHTA!

Acounjarusnoct saxu, jep je (a,b) * ((c,d) = (e, f)) = (a +2°c+ 2T e b+ d + f) = ((a,b) * (¢,d)) * (e, f)
(oBHEe cMO KOPUCTUIU OCOOUHE ACOUUjATUBHOCTU, KOMYTATUBHOCTU U AUCTPUOYTUBHOCTU + 1 -y R).

Heyrpanuu enement noctoju u To je (e1,e2) = (0,0), jep je (0,0) € A (360or 0 € Z u 0 € Z), a Bake u

jemmaroctu (0,0) * (a,b) = (04+2°-a,0 4+ b) = (a,b) u (a,b) * (0,0) = (a+2°-0,b+ 0) = (a,b).

HeyTpanuu emement me mocroju, jep 6u pemasamem (mo m u n) jemmaumue (a,b) * (m,n) = (0,0) nobumu

—a
b

pememe (m,n) = (54, —b), am wnp. 3a a = b =1 nobujamo xa (m,n) = (_71, -1) ¢ A

2. Kagna uspauysamo kapaxrepuctuurn momsoM pobujamo k(\) = det(A — AI) = =A% — A2 +2) = —A(\2 +
A — 2), omakie mobujamo comcteene spemnoct A\ = 0, Ao = 1, A3 = —2.

3a A1 = 0 u3 marpuune jennauune (A —0-1)-v = O, nobujamo cucrem

(1-0)-2 + 6y + 3z = 0
-3z + (-6—-0)-y — 52 = 0
3z + 3y + (4-0)-z = 0,
T 3
YMjUM pemaBameM Ao0MjaMo COICTBEeHE BekTope Vv = |y | =1 - 1 |,teR\{0}.
z -3

3a A1 = 1 u3 marpuune jennauune (A —1-1)-v = O, nobujamo cucrem

(1-1)-z + 6y + 3z = 0
-3z + (-6-1)-y — 52 = 0
3z + 3y + 4-1)-z = 0,
x
ymjuM pemaBameM nobujamo comncTsere sektope v = |y | =t- | 1 |, t € R\ {0}.
z -2

3a A\ = —2 u3 marpuune jemmauune (A — (=2)-1)-v =0, 1j. (A+2-1)-v =0, nobujamo cucrem

1+2)-2 + 6y + 3z = 0
-3z + (-6+4+2)-y — 52 = 0
3z + 3y + (4+2)-z = 0,
T -3
YMjUM pemaBameM Ao0MjaMo COICTBEHEe Bekrope vV = |y | =1 - 1 |,teR\{0}.



3. Kana manpasumMo crenanactu oOJIUK cucTeMa I00ujaMo:

r + ay — z = 9
(-1 —3a)y + (3—a)z = a—18
(a—2)z = 2—a.
Baa#£2 a# —% CHCTEM MMa jeIUHCTBEHO PelleHe: (x,y,2) = (%, %, 71).

3a a = 2 Il jemmaumna je 0 = 0 u my obGpumemo. Y OBOM CIy4yajy CUCTEM MMa OECKOHAYHO MHOTO DPEIIEHA
KOja 3aBuce on 1 mapamerpa « ([ Wau -y 3aBUCHO KOjy CMO IPOMEHJBUBY y3eau 3a ciobommy!) :

(wvyfz):(ﬂaw,oo, acR

7 7
(x,y,2) = (b —11,5,76—16), [FeR
114y 7v—3
(JE,Z/,Z)I(“/, ;_’7 5 )7 A/€R~
3aa= —% nperxomau cucteM Huje y creneHactoMm obmuky (jep my Il u y Il jenmauwnm mmamo 2), ma Tpeba

ypamutu jorm 1 kopak y ['aycoBoMm cucremy enmMumHAaIMje. Y OBOM CIydYajy CUCTEM HeEMa Pelrewma.

Hanomena. 3anaTak ce MOTrao pemaBaTd U TPEKO JeTepMUHaHTH. JleTepMUHAHTE KOje Ce jaBmpbajy y
Kpameposum popmyinama cy jemmake: A = —3a?+5a+2 = —(14+3a)(a—2), A, = 3a®—10a+8 = (3a—4)(a—2),
A, =30—15a = —15(a — 2), A, = 3a® — 5a — 2 = (1 + 3a)(a — 2).

OB1e je yecTa Tpemrka Guiia ga Ce MOTPEIIHO PACTABU KBAAPATHE TpUHOM: ax” +br+c = a-(x—x1)- (2 —x9).
Ha ocHOBY meTepMUHAHTM IUPEKTHO cjene peliema ciaydajeBa 4 # 2, a # —% ua= —%7 NOK ce caydaj a = 2
Mopa ypamutu ['aycoBuM cucreMoM eluMUHANU]jE.

4. a) ¥, = (2,3,)), P(0,1,-3). gtz =t, y=-3t—5,2=Tt+9,t € R= 4, = (1,-3,7), P(0,-5,9).
Fo=(1,-2,1).

Ila 6u 6uno p || o mopa 6uru U, L fiq = U - 7q =0, 1j. 2— 6+ XA =0, onarne je A = 4.

3a pasan (3 Koja camp:ku IpaBy D ¥ mapajenHa je ca paBau o umamo 3 || o = 7ig = ilq = (1,—-2,1). Kako
je p € B mmamo ma rauka P(0,1,-3) € B, maje f:1-(x —0)+(-2)-(y—1)+1-(z—(-1)) =0, Tj.
r—2y+z+5-—0.

6) 3a A = 1 umamo na je U, = (2,3, 1), na rako je % #+ _ig =+ % nobujamo na je Uy # k- Uy, Tj. mpaBe p u ¢ HUCY
| x ) - PQ|

(T x Ty)]

—
. Kako je PQ) = (0,—6,12) u

napaJiesHe, ma MOKEMO KOPUCTUTHU HapenHy dopmyny: d(p,q) =

J
Uy x T, = (2,3,1) x (1,=3,7) = |2 3 1|=(24,—13,-9), (3, x¥,) - PQ = 0+ 78 — 108 = —30,

— N .
=

-3

30
U, X Ty = |(24, —13,-9)| = /242 + (—13)2 + (—9)2 = /826, mobujamo d(p,q) = N




