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®(©)H JepHaumHa ckyna Tayaka

M1
Bexxbe 6

HaHujen
Anekcnh

AHanuTnyka
reomeTpuja y
npocTtopy

MpeactaBuTy Hekm ckyn Tadaka y R3 (pasan, npasy utg)
jeaHauymHoM 3Ha4m dpopmupaTy jeaHakocT obsmka

f(x,y,z) =0, npu 4yemy Tauka (x, y,z) npunaga ToM cKyny
Tayaka ako M CaMO aKO MPETXOAHA jeAHAKOCT 3a Hy BaXW.

Hnp. yckopo fieMo BuaeTn aa ceaka pasaH y R3 uma jegHaumny
obnunka

ax +by+cz+d=0,

roe cy a, b, ¢ n d Hekn peanHun bpojesu.



CD@ H JegHaduHa paBHW: BEKTOP HOpPMaJie U jelHa Tayka

M1
Bexxbe 6

HaHujen
Anekcnh

JepgHaunHa
paBHM

3HaMO fAa je paBaH jeauMHCTBEHO ogpeheHa TpuMa CBOjUM
Taukama. Mnak, osge he butn 3rogHo KOpUCTUTK APYry
KapakTepusauujy: PaBaH 7 je jeguHcTeeHo oapeheHa jegHoOM
cBojoMm TaukoM Py(xg, Yo, 20) U BEKTOPOM HOpPMaJie Ha paBaH,
n=(a,b,c) (Buan cnuky).

Tauka P(x, y, z) npunaga
PaBHM aKO M CaMO akKo je
PyP - n = 0, ogHocHO

(x — x0,y — y0,Z — 20)
-(a,b,c) =0,

TO jecT

ax + by + cz 4+ (—axp — byy — cz9) = 0.

\ . 7

=d

m: ax+by+cz+d=0




CD@ H JepgHaunHa paBHU: Tpu Taudke

Heka cy capa paTe Tpu Tauke Koje Npunagajy paBHU T
M1

Bexbe 6 A(xa, ya, za), B(xg,yB,z8) u C(xc,yc,zc). Tpaxumo
Oanujen JeQHauYnHY paBHU T,
Anexcuh Tauka P(x, y, z) npunaga paBHu
T aKo U caMo ako BekTopu AP,
/ﬁ n R nexe y NCTOj paBHU,
Jeanaumna OLHOCHO aKKoO je

paBHMN

n [AP, AB, AC] = 0.

Hobunjamo jegHaunHy paBHU Koja
cagpxu Tauke A, B n C:

X—=XA Y—YA Z—2A
T |xg—xa YB—ya zB—2a| =0
XC—XA YC— YA Zc — Za

1 oBa jegHaumHa ce cBoam Ha obnuk ax + by +cz+d =0
HAaKOH padyHahba AETEPMUHAHTE.



®(@)H 1.3apatak

M1
Bexxbe 6

HaHujen
Anekcnh

1. sapaTak

3apaTak

HanncaTtu jegHaunHy paBHu 7 koja cagpxu Tadke A(1,1,1),

B(0,—1,2) n C(2,3,—1).

3agaTtak ce Moxe ypaguTtu Ha (bapem) Tpu HaumHa.
[MpBK HaumH jecTe Kopuwherem ,rotose dopmyne’. PagaH
NMa jeaHAYUHY:

X — XA Y — YA Z — ZA
T X8 —Xa YB—yAa zB—za| =0,
XC—XA YC— YA Zc — 2a

OLHOCHO
x—1 y—1 =z-1

7:10—-1 -1—-1 2-1]|=0.
2—-1 3-1 -1-1



®(©)H

M1
Bexxbe 6

awmien Cpegumo:
Anekcnh

Pa3Bujemo no npeoj BpCTHU:

T: (x-1)4-2)—-(y—-1D2-1)+(z—1)(-24+2) =0,

m: 2(x—-1)—(y—1)=0,

na gobmjamo jegHaynHy paBHU T

m: 2x—y—1=0.




®(©)H

M1
Bexxbe 6

HaHujen
Anekcnh

1. sapaTak

Ilpyrn Ha4ymH jecTe pelwlaBatbeM CUCTEMA. 3HAMO Aa CBaka
paBaH, Na 1 Hala 7 MMa jeAHa4yunHy obamnka

m: ax+by+cz+d=0.

Tauka A(1,1,1) 3apgoBosbaBa jefHauUHY PaBHU T
a-1+b-14c-1+d=0. Tauka B(0,—1,2) 3agososbaBa
jeaHauuny pain m: a- 0+ b-(—1)+c-2+ d = 0. Tauka
C(2,3,—1) 3apoBosbaBa jefHa4VHY PaBHMN T
a-2+b-3+c-(—1)+ d=0. dobujamo cucrem jegHauuHa:

a+ b+ c+d=0
— b+2c+d=0
2a+3b— c+d=0.

Pewunmo ra.



®(©)H

M1
Bexxbe 6

HaHujen
Anekcnh

1. sapaTak

a+ b+ c+d=0
— b+2c+d=0

2a+3b— c+d=0.

I+ 11



®(©)H

M1
Bexxbe 6

HaHujen
Anekcnh

1. sapaTak

[obujamo ¢ = 0 n ocTaje HaMm Aa pewnmo
at+b+d=0
—b+d=0"
LWITO je CUCTEM Ca BUMLLE HEMO3HATUX Of jeAHa4YnHa. Y3mmamo
d =t, t € R, kao napamertap. dobujamo b =t n a = —2t.
Hakne:

(a,b,c,d) = (—2t,t,0,t) = —t(2,-1,0,—-1), teR

V3nmamo Ou0 Koje He-Hyna pewerbe, peunmo t = —1.
[obujamo ga je jeaHavmHa paBHU T

m: 2x—y—1=0.

Cnbopa ga bupamo t 3anpaBo OAroBapa YMHEHULM [a FOPH-A
jefiHaKoCT ocTaje TaydHa (M eKBUBANIEHTHA MPETXOAHO]) Kaja ce
NOMHOXI OUIO KOjUM HeHyna bpojem.

Ospae Tpeba 3actaTn 1 nokywatu cmucanti Tpehn HaymH
pellaBarba 3a4aTKa, KOju YK/bydyje YynoTpeby BEKTOPCKOr
npoussoga. Ckuua peluerba je Ha HapeaHOM ‘¢iajay.



®(©)H

M1
Bexxbe 6

HaHujen
Anekcnh

1. sapaTak

Tpehun HaumH bno bu dbopmMuparseM BEKTOpa HOpMane.
BekTopn R = (1,2, -2) u ﬁ = (2,4, —3) nexe y paBHu T,
Tj. oba cy mapanesnHa ca 7. 3Ha4yun [a je BEKTOpP HOpMaJse Ha
paBaH 7, 30BMMO ra /M, HopMaJjiaH Ha oba, na ce MoXe y3eTu aa
Oyae HUXOB BEKTOPCKM MPOU3BO.

P7k
ﬁW:RxR: 2| =---=(2,-1,0),
2 4 -3

na je
m: 2x—y+d=0.

VBplwTaBakeM KoopauHaTa buno koje og Tadaka A, B, C,
nobujamo d = —1, na je, HapaBHO:

m: 2x—y—1=0.




CD@H V3ajaMH1 NosoXKa] ABE PaBHU

M1
Bexxbe 6

Hanujen

Anekcnh

AHannTtnyka
reomeTpuja y
npocTopy

JepgHaunna
paBHMU

1. zapgaTak

V3ajamMHn
rnosioXkaj nge
paBHu®

2. 3agaTak
Cer. obn.
Jj-He paBHWN,
pacT. T. oa
paBHMU

3. 3agaTak

MNpameH
paBHwU

4. 3apaTak

Ceky ce MapanenHe cy
(nocToju yrao namehy roux) (He nocToju yrao usmehy wmx)

ﬂ
\ Y

Moknanajy ce

KocuHyc owTpor yrna namehy wux: ;:‘_* (yrao je Hyna)
u
i - ] =
cos £(a, B) = =21
|Na||NB]



CD@H 2. 3ajaTak

M1
Bonbe 6 3apaTak

Danujen Hahu jegHauuny paBHu 7 koja cagpxu Tauky A(2,—1,1) n
HOPManHa je Ha paeHn @ : 3x+2y —z+4=0mn
b: x+y+z—-3=0.

Anekcnh

Kako paBaH 7 Mopa jga Oy-
o€ HOpMajsHa M Ha « u Ha 3,
HbE€H BEKTOP HOpMaJsie Mopa bu-
T HOpMaJsiaH Ha kuxose. Vima-
MO Aa je

ny, =(3,2,-1), ng=(1,1,1)

2. 3agaTak

Moxemo yseTu nx = n, X ng.

k
~1| = (3, -4, 1).
1

S
3
|
3
Ql
X
3
Ql
|
= W
=N \-l



®(@H

M1 Hakne, paBaH ™ UMa jegHaA4YnNHyY
Be>xbe 6
Hanujen 7TZ3X—4y—|—Z—|—d:0.

Anekcunh

N pasbe HUCMO nckopucTuan YnmseHuyy ga Tadka A(2,—1,1)
NEXN Yy paBHU .

3.2-4.-(=1)+1+d=0

114+d=0
d=—11

2. 3agaTak

Hakne, paBaH m™ UMa jegHa4yunHy

m: 3x—4y+z—-11=0.

Kapga Hay4ynMo padyH ca npaBama, BpaTUTU Ce OBAE U
MOKYLLIATN PELINTN 3a4aTaK MPOHaJIaXKEHEM MpPeCceyHe npaBe
paBHU o 1 [3.



®(©)H

M1
Bexxbe 6

HaHujen
Anekcnh

Cer. obn.
J-He paBHu,
pacT. T. of
paBHM

CerMeHTHU 0DANK jeaHauYnMHe paBHY

[lpeTnocTaBMMO Aa umamMo paBaH

m: ax+by+cz+d=0
n ga je d # 0. (LLiTa 3a paBaH 3Hauu pa je d = 07)
JepHaumnHa paBHUK ce Taja MoXe TpaHcdopMucaTn y

ST SRS
T Td/a T Zd/p T —djc

1,

OflHOCHO, yBOherbem HOBUX C/OBA,

X z
T — + Y + - =1
m n p
BpojeBn m, n n p npeacTaeB/bajy OfCEHKE KOje paBaH 7 ofceua
Ha ocama X, Yy U Z pelom.



CD@ H PacTtojatbe Tauke of paBHU

M1
Bexxbe 6

HaHujen
Anekcnh

Cer. ob6n.
J-He paBHnN,
pacT. T. og
paBHM

Heka nmamo paBaH

T ax+by+cz+d=0

n Tauky A(xa, ya; Za)-
Pactojatse Tauke A og pasHu 7 gato je dopmysiom

B ‘aXA + bya + cza + d‘

d(A, ) N =

Osge oBy dopmyny Hehemo n3soguTu (Mma y yubeHuky).



®(@)H 3. 3agaTak

M1

HaHujen . .

Anekcuh Ncnutatn y3ajamHu nonoxaj pasHu a u . Ako cy napaneste,
n3pavyHaTu pacTtojarbe n3mehy mix, a aKo Ce CeKy, U3padyHaTu
oLlTap yrao Koju 3akJsanajy.

(a) a: x—y+1=0,8: y—z4+1=0;
6) a: x—2y+z—-1=0,0: 2x—4y+2z—-1=0.
Pewasamo feo (a). Buaumo ga cy Bektopm Hopmana
ny, = (1,—1,0) n ng = (0,1, —1). OBa ABa BekTOpa OUMINIELHO
JeCcy NMHeapHO He3aBWCHa, Ma ce paBHU o 1 [ ceKy. 3a yrao
n3mehy Hunx BaXku:
3. 3apgaTak ’ﬁa ﬁﬁ’ . ‘(1,—1 O)(O,l,—l)’ 1

cosL(a, ) = ——=— = ’ = —.
(@, ) M| V1I4+14+0/0+1+1 2

Hakne, L(a, B) = 3.



®(©)H

M1 Pewasamo geo (6). Bugumo ga je
Be>x6e 6
dlanujen no = (1,-2,1), ﬁﬂ =(2,—4,2) = 2n,.

Anekcuh
Hakne, paBHu cy nan napanenHe, unm ce noknanajy. Mebhytum,
aKo 0be CTpaHe jefiHaYMHE pPaBHU ( MOMHOXMMO Ca 2, BULNMO
na je
a: 2x—4y+2z2—-2=0, pB:2x—4y+2z—1=0,

LWITO HUje ucTa jeaHadmHa. [lakne paBHu ce He noknanajy, seh
Cy napaJsiefiHe. 3aTo TPaXKUMO pacTojatbe nsamehy rux. 3Hamo
camo hopmyJly 3a pacTojatbe TayKe Off PaBHUW, HE U PaBHU Of
paBHu. 3aTo bupamo jegHy Tadky ca paBHu «. Peuumo, ako
cTaBumo ga je y = z = 0, gobujamo ga je x = 1, na Tayka

3. samarax A(1,0,0) nexu y paeuu «. Jakne:

2-14+4.042-0—1] 1
V22 + (—4)2 + 22 V24

d(a, ) = d(A, B) =




®(©;H MMpameH paBHU KPO3 3ajefHNYKY NpPaBY

M1
Bexxbe 6

HaHujen

Anekcunh (\A
| CKyI'I CBUX paBHVI KOje Ca,u,p>Ke I'IpeceK paBHVI

of

P/\ a: aix+biy+caz+di =0unp: ax+
by + coz 4+ d» = 0 30Be ce NnpaMeH, Nan CHOM
N MOXKE Ce NpeAcTaBUTU HAPEeAHOM jeflHA4YNHOM,

L'l/\ kojy Hehemo un3soauTu:

aix+ by +cz+d + )\(azX + by + oz + d2) = 0.

Merarbem A € R gobujamo pasnnuurte paBHU U3 NpameHa.
Koja je paBaH U3 npameHa Koja ce jeanHa He MoXXe AobuTun Ha
OBaj Ha4uH?

MNpameH
paBHM



®(@©)H 4. 3apaTak

M1
Bexb6e 6 3a,lJ,aTa K

i OfpeanTu jefHauYMHY paBHU 7T KOja CafpXKM MPECEK PaBHU
a: xX+2y+3z—4=0up: 3x+z—5=0un koja Ha
koopauHaTHuMm ocama Oy n Oz oaceua nofyaapHe OACEHKE.

[lpon3BosbHaA MpaBa M3 NMpaMeHa KpPO3 Npecek o U [ gaTa je ca
m: x+2y+3z—44+X3x+2z-5)=0.

Hawe je ga Hahemo A Tako ga BaXku yc/ioB 3afaTka. 3rofHo je
MaJio TpaHcdopmucaTy n3pas:

T (14+3N)x+2y+(3+A)z+(—4—-5))=0.

Opceyvak Ha Oy ocu gobujamo Kag 3ameHumo x = z = 0 u
N3pasumo y: y = %.
PR Opcevak Ha Oz ocn gobujamo kag 3ameHumMo x =y = 0 u

N3PasnMo zZ: Z = 434;—5;‘.



®(©)H

M1 Hema 0oja3Hu og gesberba HynoM. 3a A = —3, paBaH je
Be>x6e 6 .

o8 napaJsiesiHa ca z OCOM, Ma Ha H0j He oaceua HuwTa. VMimamo aga
HaHujen

Anekcuh Cﬂyl-l aja:

1.1 4522 =522 445X £0.

Pewagatbem gobujamo A = —1, wTo Ham gaje paBaH
w1 —2x+2y+2z4+1=0.

1.2 422 = 452 n 44 50 £ 0.

Pewasarem gobujamo A = —5, wTo Ham paje paBaH
w1 —14x +2y — 22+ 21 =0.

2 445\ =0, 10 ject A = —4/5. Taga pobujamo paBaH
T3 ! —%x + 2y + %z = 0, ogHOCHO

m3: —(x+ 10y + 11z = 0.

4. 3apaTak VYcnoee 3a4aTKa 3ap,OBon:aBajy TP PaBHN N TO CY paBHU
71, T2 N T03.



CD@ H JlutepaTypa

M1
Bexxbe 6

HaHujen
Anekcnh

4. 3apaTak

MeTtoanyka 36upka peleHnx 3agataka nz Matematuke 1.
Onueepa Muxuh, Bnagumup bantuh, Mapuja Bopuunh.
®POH, beorpaa, 2022.



