MaTtemaTtuka 3 - Bexbe

YHUBEP3UTET ¥ BEOTPALY
OAKYJNTET OPTAHU3ALMNOHUX HAYKA

Hebojwa Hukonuh



KowwujeBa Teopema n Kowunjese cpopmyne.

Pe3anayym pyHKLUje KOMMAEKCHEe NPOMeHILUBEe

Wouveae TeopeMe U WoWMIERE doPMYUE

A

| : X l
1. Kouienh TeopEmk: Heta Yo D Jeanetilpyvs Tlesata 09Aacd, apatii- }
Fiae

“ehoL Kowdypa G M ek e 4(@) avaudwvo ta D i € .Wa%\ e
g?(%)ch <0,

Q.Kordj/;..l‘fm TEOPEMA: E-tém e D i%,u,tyec&wppw (06300 dOAQLD, (LT, A —
: 5 ’ Do
APaiuLeta mitxiw\ (o, O UBHUWDPR. KoHETPAMA e Cvnfjw X cfﬂHk!ﬁ‘ijtl | (//.(9/ "

-{N{%\ﬁ apauow e #a D M v C"\(’\r- a,(h,‘:ﬁ&nﬁ_ﬁ& &E S'f (1\}51%‘—( . [L"Sf \e C \ s
¢t :

. e T \

g, conCBU D (ysuga ean o ).

TOCARAMUAA: Tloo youodua 4. Bespere, ako ey Au B muke 0 D at Laoa Lo kpuboe 1 D wje cdajafy Aub,
dute &Qf%ﬁt‘\%rﬁﬂ'&‘\% %?@Q B, uHBEIA ke 2abiew g tadop kpulbe wh B AuB.

1”(_{:(;@\1&&1’3: Tjimi p&w@'mm 1. Reopoue basku c% €&)L{% :CSLQ’(%}&H\_ i :igﬁ(%ﬂi;



KowwujeBa Teopema n Kowunjese cpopmyne.

Pe3anayym pyHKLUje KOMMAEKCHEe NPOMeHILUBEe

_m {u\[’{nﬂ/\&\ weopeue 4. Loy l’b%u,u ,(aj%HuL\Lj‘bq dophyha 5{@5\} F@] ~Ha)F )(iqe
: (ﬂ;u;xmmulcmd_}« pdjeﬁu ,um&pm)d; X {(:Q t\q L,Dtme[x g&h Eli—t &=,

A
1 KowIEBA QOPNYIA: Hera - ) arequdiuska Ha odracdue D, 2€D ya @
M nidypa 6<D, oo Danke .qu__ﬁja\_ Je 0= 24' J @) |2 e

Lot ™

& VMWJLBA (BOPMILIA ¢ lﬁ‘g \CpiHUn thwﬁwtq bassu 42 ?%b Qm ((m o nehkl

NOCAEAMUAD: Bpegevix atamulionie d-j¢,kao u dBux thewX usboqa. Ha cohaclik, CobiAte ¢
G%PQ%{)HQ lé.Pﬁ HaTI WIS d»}e HA, kumbgim Kc;—jcx cﬁ{aemuaam C&ﬂ oonacks.,

- HAnomeA: Kowiigebe depusgre tere nafiu ga uckapueino: sa wpuggtabotse utreipas;
: ;{m { e a : f(}) lp — Qﬂifﬁ‘]a.)
= &%~HU(GD; e é ™ & 3

G‘i



KowwujeBa Teopema n KowunjeBe dopmyrne.

Pe3anayym pyHKLUje KOMMAEKCHEe NPOMeHILUBEe

1. Mapauynaru ] (z —a)®dz ako je C' koaTypa Koja obDyXBaTa Tauky
'+
T =a W ako je n ueo Hpo).

Pewewe: Aro je n = 0, taga je nomguurerpanaa gpyuenuja f oator marerpana [
pervaapua, na je I =0,
Aro je n < 0, Tana je

I=f flz)dz, C.=1z : |z —a|=p}
cF

. . . . e
rae je p > 0w takso na je kontvpa C, yavrap kontype C. 3a 2 € O, je 2z = a + pe”,

I = n-|-1.z_- 2w 6[11-|—1]Hdt _ { E'JT'E.-:, n=—1
’ 0 0, n<-—1

na Je
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2. H.’i[}ﬂ‘h{."y'HEL'I'l-’I f k() _jl'.! .[. HPOCTA IVIATRA KppHBO I'LI:]'_]IH. {:llﬂ.ji-t TAa4dko
[ =
1 -1, Nt ey CY MMAMHaAPDHKA JCJ0OBK TdaMaka KpHBe {{}{:M}.I Kfri-

imux) (1) nosuruean: (2) HeraTusHU.
J

Pewewe: (1) Heka je Ly = { =, 0=t “.'T}. Taga je

(5[ % [
I 0

(2] Hera je Lo = {:: Cr=et 0=t = —’.'T}. Tana je

" " -
f—=f — = idt = —mi.
L < Lg % 0
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3. Wazpauvuarm f zedz, rpe je L={z|z=¢€", te|-m/2,7/2]}.
L
Pewewe: [lomro je dvarmmuja f @z +— ze” pervaapua v Henoj KOMIIEKCHO] PABHIM,

a F !z ze’ — € meHa npUMHUTHEHA (VHEIH]A, TO je

f fiz)de = Fii) — F{—i) =ie' +ie " — &' + e " = 2i[cosl — sin 1).
i

4. Wapauyuarn f zsin zdz ako je L npocra raaTea KpMBA Koja craja
. I
Tayke m,/2 u 1.

a F] = . ! N
Pewewe: Kako je f:z+— zsinz pervaapua v neao] KOMIIeKCHO] PABHH, TO je
- —1 —1
¢ e T 4+e e —e 1

rainzdr = —zcosz + sin z = —1 + — —1=—-1— —i.
L /3 2 2 =
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zdz o o ,.
5. Hapauyuaru ,[.54. 37 aKo je C=1{z:|z-1]=1/2}.

Pewewe: Aro je g noguarerpanma fyvEEnrja gator maarerpana I, onaa je

¥ 1 =_f|::::|
z4+1 =z-—1 =1

glz) =

Kako je f pervaapna v obaacrn koja cagpssn O, to je I = 2mif(l) = mi.

A
6. Mapauyvuaru L —~ i.f.,l ako je C = {z : |z =2| =12},

_I_ =

Pewewe: Aro je g noguurerpanna pyvHKOHja taTtor maTterpana [, onga je

R WO
PTG+ ) -1 -1

xl

Kako je f pervaapna v obaacrn koja cagpsn O, to je I = 2mif(1)
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ako je C'=1{z : |z—1|=1/2%L

e*dz
7. H.‘i[}ﬂ‘n{.‘y‘HEL'I‘Hf - T3
o+ 21 —z]

Pewewe: Arxo je g noguarerpanna fpyvEENE)a gator uarerpana I, onga je

z e : e’ : y Ay P .
o) = S =-S e =— 4G = - e

o

-!{|I.'t-
%)

2me
- 5 : s i .
Kako je f pervaapma v obnacty koja cagpsn O, 1o je I = E_lf (1) = —em:.
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zetdz i
8. Mapauyuarn [3+ EESEESIE ako je C'={z : [z| =12}

Pewewe: Hera je f nomgmprerpanna fpyvaknmja gator marerpana I v gexa je
Cy=1z : |z=1| =1}, Ca={z : [+ +1| =1} L =f filzidz, Is =f filz)d=.
cf oF

I=1 +1Iz=2mi (fi(—1) + f2(1)) ,

- -
e e

rae je filz) = —a ¥ falz) = . [Mpema Toue,
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PESVLA.WH OYHKLLUIE KOMDUEKCHE NPOMERGIABE
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9. Mapauvuaru f 55 rae je O = {r+iy | r? 4 y? =
o+ (22 —1)2(22 4 1)
2r + 2},
Pewere: Kontypa O je xpysmmma (@ — 1) + ¢° = 3, na ofaactn D kojy ona
OFPAHUYABRA OpHOAgajy noaosn @ = 1, 2 = 1 w2 = —i noauaTerpanne pyvurnmje f

aaTor uaTterpana I. Kako je

I
z 1 1
z) = [i = ——, : Tl= T )= —,
res f(z) = lim (E3+1JEE32+1J) g Tes flz) = res fiz) 5

je I = 2w 1+1+:l s
Ty Je 1 = dme s tas '3 —43.
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22dz )

ako Je O rpanuua obaactu

10. Mazpauvuaru ].;‘_“ T 122+ 22 1 9

D, rae je D={z | |z| <2, Im(z) = 0}.
Pewewe: llogumrerpanna dyerknuja f aaror mererpana I mua y 1atoM noayepyry

MoJI Peja JBa V TAYKM ¥ =1 U noJa npeor peaa y taukn @ = —1 4 4. Karko je

s fla) = I 22 Co0i—12
ST G riPt 2242y T 10
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O0; —12 3 — 44 T
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100 25 50

b

T e




KowwujeBa Teopema n KowunjeBe dopmyrne.

Pe3anayym pyHKLUje KOMMAEKCHEe NPOMeHILUBEe

Hidﬂ
11. Mlzpauyuaarn j 5 — 5 AKO je €' KoOHTYpa KOja He caipu
o+ (22 =1)(2—-1)

Tavdre 1 1 —1.

Pewewe: Hera je f mogmmarerpanna pyvesnmja gator waterpana I w gexa je D
obaacT KOjy 3areapa koutypa C. Kako je

1 ::E o 1 ::_E 1
iz =3 (H 1) =g Lo ) = lm s =

T} ]
I =wt/4 ako tauka 1 npunaga, a tauka —1 me opunaga D,
I = —m/4 ako raura | we npunaga, a tauka —1 npunana [,

I =10 aro raurke 1 1 —1 obe npunagajy nan obe we npunamajy [
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e dz C .
12. Wapauyuaru ako je O ={r+1iy | |z|+ |y| = 2}.
c+ chz
Pewewe: Kako je ch 2 = 0 axo je € + e = 0, ommocno e +1 = 0, 2z =
Ln(—1), cwarynapurers nogmarerpaine fvurnuje f aator uaterpana I oy Tauke
2E4+1 _ T T )
T = mi. Mebhyruu, jemumno tauke zp = Ez Mz = —Ez npunagajy obaacTn
orpanmdeno] kpyvaaumos O Ha
Y — —y
vifz . W2 em/ e/ L ciym
res f(z) =e lim = - = — — = —e 7
s=ap s—an chz sh{me/2)  dsin{w/2) i
m = ofe —.T!'l,l'-g —.'I'i.:l,l'-g
res flz) = e ™2 lim - + mi/2 I __° = _l —mif2
s=z_1 z—s_1 ch =z ghi—me/2) 1sin|—w/2) i "
Ty e
. 2 —mif2 .
I=2ri(res f(z)+ res fiz))==2r(e™" —¢ i/ ]I = 4.

=) s=am
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dz

S— O OO N
_z?ginz J {

13. HMapauynaru f
O

Pewewe: Arxo je I matm murerpan, a f noguarerpania pyHEKIMja, onga je

I= —f fiz)dz = —2m res fiz).
o+ =

Fako dyurmmja f wua y 2 = 0 ooa rpeher pesa (zamro?), o je

[
1 z " 1 8Nz — 2 CO8% 1
res fiz =—ia'm( ) = — lim = — lim gl z).
= =0 fiz) 2z—0 \asinz 2 a—0 ( sin® z ) 2 9(z)

g —sil

Axo TPH NMYVTa TTPRRAMETTITRIO Jlonurazono MrRATRIIC, ,."I_{:IEI-'II'iH]'uI{:I

_ o sintz42cos’ 2 — 200822 — zsinz
lim glz) = lim

z—0 z—0 3sin” zcosz
_ 2zinr — 2rcosdz - cosldr
= [im — 5 —— = lim 5
:—0 6 ginzcos® r — Jain” = :—0 J ros” =
I F(z) = = maje I = —=
wnta ToMe, Tes flzl= —. na je [ = ——1.
I - G ] P
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2z i
14. WUzpauyuaatu f ——— rae je C={z
4 STz

-
=

— 5},

Pewewe: Cuuryvnapwrerw noguarerpanne dpyurmmje f oaror marerpana I oy tauke
zp = kw, npu yeMmy je ¥ zg DOJ OPBOT PEAa, A& OCTAJTH CHECVIAPHTETH CV TOJ0RKH APVIOT
peaa. KRako obaactu orpanndeno] kpysannoum O npunajajy caMmo CHECYIAPHTETH 2_q,
o U 21, TO |e

I'=2mi( res flz)+4 res flz)4+ res f(z])).
== _q = 3q
3a moa zg mumamo ga je
2

=

res flz)=lim zf(z) = lim ?E = 1.
F=aq z—sil z—=0 S‘E_':I']_ x
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Kako je
- f
rea flz) = lim (lz::—:rrjlE -”2 )
s=ul F— T b 1
M
g 2 ' z—w (3z—m)sinz — (227 — 2z2m)cosz
([:: - ﬂ-] . o ) = : : . o H
In- gin x SEn”
T ]E
{3z —w)sinz — (22° —2zw)cosz
rea flz) = — lim 5
s= 5 — SERT X
(24 3u)sinu — (2ru + 2u’) cos u
= lim —
u—si0 SEnCU
=1.

Coanuno godujaso ga je

res flz) = lim ((z+ m)3f(2)) =1,

s=—z_1 §— —aT

na je I = 6mwi.
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3apaTak 3a caMocTanHu paa;:
;- 2 ;
Mapauynaru ]L-a.“:z —2ze* )dz ako je L npocra aeo no meo riaartka
L

KPpHBa KOja Cllad]a Tauie 1 = 2 5 T Z2 = 1.

=

PesynTart:

2 — /2 2
I = HL'}{{_—-3_1+-::a:~51+(%_—.s*.":.l?,l)z'.

6
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3agaTak 3a camocTarHu pag:

dz i
Mapauyuaru f{:q_ 53 AKO je C=1{z||z =1 =2}.

Pesynrar:

I = —m.
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