MaTtemaTtuka 3 - Bexbe

YHUBEP3UTET ¥ BEOTPALY
OAKYJNTET OPTAHU3ALMNOHUX HAYKA

Hebojwa Hukonuh



U3Boa,/ pyHKUNje KOMMNMeKCHe MPOMeHIbLUBe

Kowwn-PumaHoBu ycnoeu

280N QVHKLLIATE KOMNAEKCHE TTPOMEHAHBE
ouw - HAMAOBA YeAoRH

Usbog d4e rarDrercte pmenbube gedusiue ce e wskogy de peanse Fprettonle:
I 65*“55@2)%@ w wiogp, kamens A Je i H2) qubepersie aoLAN Y i3,
o {2) rouens g e Wb (péyropia) y % ake @ué@pef{t&ujﬁtmﬂ Y Clawgy Bt ke
rowge. 1Ske % ke Y ks L_:iju& Ha]r QMU Hc:az.czf-agjy e CUkiMapriA amuaa, [l
%) UZROBGHA {'&H(_Hm Pw‘ﬁeﬁ@ azf:}v (](a) AHQUULDL L0 ;jcgzm DALLOMX ke auube (Dalke To, (ey
Y . Ussrobaket Gfipapued je an e ) aer o fislle)=ev. ije Yy (3 02) A0, kattrer
quie % U pe .
As T f[?.) 3{;4‘&‘})9#{9&}4&{%!{41 Y oy 2=kt 1 {(?):Z.(();g)ﬁ‘-z.%/)ﬁj}- ) dagn iy du Ezzyt’f&/ﬂ#ﬂe

_ua(;'-a?rq g Ulny) u Yhy) y st (o) u baie Kowni-Hocatober y@o%a:u}@%)"ﬁyffwa) } (i-7)
Lyl =-15% ()

(EJ Gpedie, aks cy Ul w 'Hﬁ’,:'{) gu'c;ﬁef?emguf"a&ﬂw Y /:z},gg) w bate V-Pryewbu y %); Jja je
{2) qudeperjaouttia Y TKot(Ye.



U3Boa,/ pyHKUNje KOMMNMeKCHe MPOMeHIbLUBe

Kowwn-PumaHoBu ycnoeu

B . 1 — { \
LLL‘UM&'H o o 3 PA&HQH{CL{PM KAADREKCHE d»\-)e LOMU fwuémbﬂ u_’)éﬂc{f}l? ) =ws? (5e) =—Sing
b\a = ({“) a?' ( ) =Q+ GAO\(%\ et MY,

'JA,MW&M. UeTuiboud %U{?E\’)QWUJFEU*WCU: -} ed Y sk O.
£ eyRe-rl o [R)=2

P /Zt Cb%HO) Rl R _ g YVER XYy KMM -
EWERE: £ ALy =—r— =185 A2 Si& Wt‘j Xt‘j et

Y0 =y
|
, g <
-_—_-._L_['LL{ ‘ (nu X — Llu 2K ,,Uca 50., b i
436 Pa g —t 0 Vi® — §3e (I 343“)( ~ 535 ra j -0- 0 & {lo)<0

9 me,u” uu, i@ﬂL) Livw 5Z_

fj% é(,(,)\
A6 A A0 3

7T 600 B ]1 te Uﬂi‘t’)u (éa}eu‘w 10.2° ;»L{Jmﬂk)

Thasu: ffuy)= XY 2=y g B). UGY)=X pecdiu geo Pe-Lu Lﬂy“ymdw«wm G

lako Je Ux(ry)<1+y J(ry) =1, e bawe Yowu-Ruoieby YadbU £ g {3 ’"“/e
guﬂr\{PeHLﬁuda Uk Y cloaw] u‘;(},aull Ga U Y 1=0,



U304 (pyHKUNje KOMMNIeKCHe MPOMeHIbUBe

Kowwn-PumaHoBu ycnoeu

2. Wcnuratn perynapuoct dyvasmuje f:C — C axo je

flz) = 1 —1.’11}:1 z=0mu f(0)=0.

SNz =

Pewere: 3a z # 0 dyvaxumja je peryvaapra. Kako je

.z — sinz ) 1 —cosz SiT 3
lim fiz) = lim —— = lim — = lim — =1,
z—0 z—0 &Nz =0 ginz 4+ 20082 z—02eoosz —z8IN2

ipyvarMja je v 2 = 0 Henpekuaaa, CaMdHo je

o flaz) — flo) o Az —sindz 1
lim = lim == —,
z—0 Az z—0 A%z sin Az i

na f v 2z =0 uma wsson. [pesa roue, fje perviapHa v oeiao] KOMILUIEKCHO] DaBHH.
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3. Menuraty pudepennmjabuaHocT M aHATUTUYHOCT (yVHEILM]e

fiz—({z—1)Relz+1).

Pewere: Aro je f(z) = ulz, y)+iviz, y). onga je ulr, y) = =1 n vz, y) = ylz+1),
na je

W(wy) =20, w(ey) =0, V(e =y v ey =+l

Karo ey Romm Puuvanosn yenonm menyvimens jeauao v tader z = 1 1 karko GyHEnmMje o
M ¥ MMA]Y HENPEEMIHE DAPHH]ATHEe W3BOAE Y R? 10 je [ ompepenmmjabnona ¥y Tadkn
= 1. Mebyruu, e nocrojn aujeana oKoaMEA Te TAYKe ¥V KOJO] je pyvHKIH]a audepem-

mMjabuana, na f HMje aHATUTHYEA HU YV ]eJH0] TAYKN EOMIUIEKCHE PABH,
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4. Heka je z = &+ iy v Hera je dyvusumja f(z) = ulx,y) + w(z, y)
ananuTuuka 3a © #= 0. Oapeanrtn v(r,y) ako je

w(x,y) =Inlz]?

Pewewe: Mz Komwm Pruanosux yeaosa gobujamo ga je

2r 2y
r r r r
v olr, = u_I[m, = —, v lx, = —u_|r, = ——
Syl =u (T, y) R () MEST) I
na je
(<, y) 2 iy = 2aretan . + plx)
tx, = _— = farctan — 4+ .
Y '-TJE —+ E'.,.IE Y €I ¥
Jupepennmupamey Jepe M JecHe CTRAHEe ORE JeIHAKOCTH HAIasuMo ga je @l(xr) = O

[Tpema Tome, viz, y) = 2arctan g + ' rae je O £ R,
T



U304 (pyHKUNje KOMMNIeKCHe MPOMeHIbUBe

Kowwn-PumaHoBu ycnoeu

5. Oapenuru cse ananutuuke hyveEuuje f o x4y — w4 v 3a Koje je

vix.y) = Ty
N v yz :
Pewewe: M3 jenmarocTn
; ; 1 2ry 2q°
ﬂ: — -1.*9 — — —

CIOEOM JLA ] L=

( ] dx 2xdr 902 dar + o)
ulE, ¥yl = 22 1 Y (22 + y?)? Y (2 + 42)° LR R

Mehyrum,

d:x T 2 T dar
I'= = + 2 = + 27 — 24° :
f;r9+yz 2t o f[:[z+y2]2 22 {3 L f[;rg+y2]2'

y—.r

—— +ly). s apyre Homm - Prnuanone jemmarocrn, u = —v,
T+ y ¥
pagsazmo ga je @ (y) =0, ommocno @ly) = C (C € R). pema tome, fiz) = (i—1)/z+

.

na je ulo, y) =
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6. Ouapeantu cve ananutTuuke pyeeuuje [ x4 iy — u 410 3a Koje je

sin2r
cos2r +ch 2y’

u(z, y) =

Pewerwe: M3 jeamarocTn

p p 2gin2r - sh 2y
YT TN T (Cos 2x + ch 29)?
CITE I
dl cos 2x) sh 2y
v(@y) = —sh Eyf (cos 2x + ch 2y)° Tely) = cos2r + ch 2y el

Kako je

; 24 2cos2x-chy
" {cos2r + ch 24)2

u

¥ ¥ . . i
w3 yeaosa u, = v, aobujanmo na je ¢ (y) = 0, omocno ¢(y) = A, (A € R). Ilpema
TOME,

o sin2r 4+ i-sh 2y 1 AcR
flz +ey) = cos 2o 4+ ch 2y T4 =

omaocuo flz) = tan z + At
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7. Mapauyvaarn f I'm(z)dz, rne je C' =1z | z=23e", t [0, 7/2]}.
O+

Pewerwe: Aro je z = x4+ iy, onga je

r=3cost, y=3=ni, z = (cost 4+ 13 sin £)df,

/2 /2 0 o
ffm::d::=—£|f singtdt—l—!—]éf sintcostdt = —— (——é).
i i 0 2 2

ma e
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8. MHMapauyuaru / (Re(z)+ Imiz))dz, rne je C={z||z| =1}
'+

Pewewe: Arxo je I matw marterpan m z = x + iy, Tana je

I =f (o + y)dr 4 idy) =f (@ +y]d:r+if [ + y)dy.
|=|=1 |=]=1 |=]=1

[Tapamerpuzammjom r = cost 1 y = sint maamo

D D
I = —f (cosy sint + sin” Eldt + 1 - f [msE t + sinfcost)di.
0 0

D D 2w
f sin tcostdt = (), f sin” tdt = f cos” tdt = T,
0 0 0

o je I = ({1 — 1.

Kako je
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HMapauyuarn f —dz ako je C' rpanuna obnacru D, rae je

D=1z :1<|z

< 2, Re(z) =0},

Pewewe: Hexa je f nogmmrerpanna dpyveknmuja m mexa cy O, Ch, Cg u Oy nenonm
kourype C. Ha €y je o = 0w d2 = 1y 3a y € [—2, —1], na je

—1 ] —1
—iy .
I1=f f(z)z=f - zdy=—af
'y —0 —

= —i.
Hy 2
Canuno je
2 —'E-y 2
= [ fee) z=f _ édy=—a'f -
'y 1 1
Ha Ch je z =€, T =¢e"" de=ie"dt 3a t € [—7w/2,7/2]. na je
e of E—it . .'rl.-'ﬂ .
I =[ flz)dz =f — et =if e~ dt = 2i.
O ——— _
Ha C4 je z = 2%, %

w2

o, —it . it '
2e7Y, dr = 2ie™dt, npu uemy ce napamerap t mema o T/2 1o
—mw/2, na je

—ar f2 EE—EI.l ) —ur 2
I =f Flz)dz —f :Ez'e“df=:h’f
[rY T T

it
IIII'E .26 - IIIIE
[Ipenma Tome,

e Mt = —di.

f Ed::=f1+fg+f3+f_-1=—4i.
.C;'—:.-""
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10. HMapauvaarn Re(z)\dz ako je O rpaauna obaactu D, roe je
paH, '+ <) J I : J
D={r+iy : 2 +y* <22, 22+ 4% < 2y}
Pewerwe: Hera je

Cy={oe+iy s =vcost, y= 1+ sint, —w/2 < t < 0},
f—?i={'-1'+éy s x=1+4cost, y=sint, w}f'ﬂiﬁf*'_f_w},

Jaz=x+iwyc ) jedsr= —sint+i1cost u Helz) = cost, na je
’ 1 =
Iy = Re(z)dz = cost{—sint+icost)dl = — + —1.
) —.Tl,-"E E 4
Coamuno., 3a ¢ & O je de = —sint +icost m Helz) =1+ cost, na je

1 T

Ig=f Helz) ::=f (1 +cost){—sini +icost)df = —— 4+ —i — 4.
I'_-.\'E .Tl,l'.E ..2 '4

n|ZIIZ'!'I!I.I:'i TOWMIE
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3agaTak 3a camocTarHu pag:
OapeauTy aHaauTUYky GvHENM]Y [ @ o4 iy — v+ 10 ako je

wla,y) = e* (veosy —ysinyg), f(0)=0.

PesynTar:

vix, y) = v’ siny + ye cosy.
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PoyiT: £ To-t T3 wT=A.



MaTtemaTtuka 3 - Bexbe

YHUBEP3UTET ¥ BEOTPALY
OAKYJNTET OPTAHU3ALMNOHUX HAYKA

Hebojwa Hukonuh



